The holonomy algebra of an indecomposable (n+2)-dimensional Lorentzian manifold M is a weakly-irreducible subalgebra of the Lorentzian algebra so(1, n + 1). L. Berard Bergery and A. Ikemakhen divided weakly-irreducible not irreducible subalgebras g ⊂ so(1, n+1) into 4 types and associated with each such subalgebra g a subalgebra h ⊂ so(n).
Introduction
The classification of holonomy algebras for Riemannian manifolds is a well-known classical result. By the theorem of Borel and Lichnerowicz any holonomy algebra of a Riemannian manifold is a direct sum of holonomy algebras of Riemannian manifolds ( [8] ). In 1955 M.
Berger gave a list of possible irreducible holonomy algebras of Riemannian manifolds, see [7] .
Later, in 1989 R. Bryant constructed the metrics for the exceptional algebras of this list, see [12] .
The classification problem for holonomy algebras of pseudo-Riemannian manifolds is still open.
The main difficulty is that the holonomy algebra can preserve an isotropic subspace of the * EMail: galaev@mathematik.hu-berlin.de tangent space. A subalgebra g ⊂ so(r, s) is called weakly-irreducible if it does preserve any nondegenerate proper subspace of R r,s . The Wu theorem states that the holonomy algebra of a pseudo-Riemannian manifold is a direct sum of weakly-irreducible holonomy algebras of pseudo-Riemannian manifolds, see [26] . If a holonomy algebra is irreducible, then it is weaklyirreducible. In [7] M. Berger gave also a classification of irreducible holonomy algebras for pseudo-Riemannian manifolds, but there is no classifications for weakly-irreducible not irreducible holonomy algebras for general pseudo-Riemannian manifolds. About the Lorentzian case see below. There are some partial results for holonomy algebras of pseudo-Riemannian manifolds of signature (2, N), see [19, 16, 17] and (N, N), see [5] .
We consider holonomy algebras of Lorentzian manifolds. From Berger's list it follows that the only irreducible holonomy algebra of Lorentzian manifolds is so(1, n + 1), see [13] and [11] for direct proofs of this fact.
In 1993 L. Berard Bergery and A. Ikemakhen classified weakly-irreducible not irreducible subalgebras of so(1, n + 1), see [4] . More precisely, they divided these subalgebras into 4 types, and associated to each such subalgebra g ⊂ so(1, n + 1) a subalgebra h ⊂ so(n), which is called the orthogonal part of g. In [15] more geometrical proof of this result was given. Recently
T. Leistner proved that if g ⊂ so(1, n + 1) is the holonomy algebra of a Lorentzian mani-
fold, then its orthogonal part h ⊂ so(n) is the holonomy algebra of a Riemannian manifold, see [21, 22, 23, 24] . This gives a list of possible holonomy algebras for Lorentzian manifolds (Berger algebras). To complete the classification of holonomy algebras one must prove that all Berger algebras can be realized as holonomy algebras. In [4] were given metrics that realize all Berger algebras of type 1 and 2. In [9, 10] Ch. Boubel studied possible shapes of local metrics for
Lorentzian manifolds with weakly-irreducible not irreducible holonomy algebra. In particular, he gave equivalent conditions for such manifolds to have the holonomy of type 1,2,3 or 4 and he parameterized the set of germs of metrics giving a holonomy algebra of each type.
In the present paper we construct metrics that realize all Berger algebras as holonomy algebras.
The method of the construction generalizes an example of A. Ikemakhen given in [18] . The coefficients of the constructed metrics are polynomial functions, hence the holonomy algebra at a point is generated by the values of the curvature tensor and of its derivatives at this point, and it can be computed. This completes the classification of holonomy algebras of Lorentzian manifolds.
I would like to thank Charles Boubel who has taken my attention to the problem of construction of metrics.
Preliminaries
Let (R 1,n+1 , η) be a Minkowski space of dimension n+2, where η is a metric on R n+2 of signature (1, n + 1). We fix a basis p, e 1 , ..., e n , q of R 1,n+1 with respect to which the Gram matrix of η has the form
, where E n is the n-dimensional identity matrix. We will denote by R n ⊂ R 1,n+1 the Euclidean subspace spanned by the vectors e 1 , ..., e n .
A subalgebra g ⊂ so(1, n + 1) is called irreducible if it does not preserve any proper subspace of
; g is called weakly-irreducible if it does not preserve any nondegenerate proper subspace of R 1,n+1 . Obviously, if g ⊂ so(1, n + 1) is irreducible, then it is weakly-irreducible.
Denote by so(1, n + 1) Rp the subalgebra of so(1, n + 1) that preserves the isotropic line Rp. The
Lie algebra so(1, n + 1) Rp can be identified with the following matrix algebra
The above matrix can be identified with the triple (a, A, X). Define the following subalgebras
We see that A commutes with K, and N is a commutative ideal. We also see that
We have the decomposition
If a weakly-irreducible subalgebra g ⊂ so(1, n + 1) preserves a degenerate proper subspace
, then it preserves the isotropic line U ∩ U ⊥ , and g is conjugated to a weaklyirreducible subalgebra of so(1, n + 1) Rp .
Let h ⊂ so(n) be a subalgebra. Recall that h is a compact Lie algebra and we have the
, where h ′ is the commutant of h and z(h) is the center of h.
The following result is due to L. Berard Bergery and A. Ikemakhen.
Theorem [4]
A subalgebra g ⊂ so(1, n + 1) Rp is weakly-irreducible if and only if g belongs to one of the following types
with z(h) = {0}, and ϕ : h → R is a non-zero linear map with ϕ| h ′ = 0;
, where 0 < m < n is an integer, h ⊂ so(m) is a subalgebra with dim z(h) ≥ n − m, and ψ : h → R n−m is a surjective linear map with ψ| h ′ = 0.
The subalgebra h ⊂ so(n) associated to a weakly-irreducible subalgebra g ⊂ so(1, n + 1) Rp in the above theorem is called the orthogonal part of g.
Let (M, g) be a Lorentzian manifold of dimension n + 2 and g the holonomy algebra (that is the Lie algebra of the holonomy group) at a point x ∈ M. By Wu's theorem (see [26] ) (M, g) is locally indecomposable, i.e. is not locally a product of two pseudo-Riemannian manifolds if and only if the holonomy algebra g is weakly-irreducible. If the holonomy algebra g is irreducible,
). So we may assume that it is weakly-irreducible and not irreducible.
Then g preserves an isotropic line ℓ ⊂ T x M. We can identify the tangent space T x M with R 1,n+1 such that g x corresponds to η and ℓ corresponds to the line Rp. Then g is identified with a weakly-irreducible subalgebra of so(1, n + 1) Rp .
Let W be a vector space and f ⊂ gl(W ) a subalgebra. The space R(f) of curvature tensors of type f is defined as
Denote by L(R(f)) the vector subspace of f spanned by
From the Ambrose and Singer theorem ( [2] ) it follows that if g ⊂ so(1, n + 1) Rp is the holonomy algebra of a Lorentzian manifold, then g is a Berger algebra.
Let h ⊂ so(n) be a subalgebra. The space P(h) of weak-curvature tensors of type h is defined in the following way
is the vector subspace of h spanned by P (u) for all P ∈ P(h) and u ∈ R n .
The following theorem was proved in [14] .
Theorem [14] A weakly-irreducible subalgebra g ⊂ so(1, n + 1) Rp is a Berger algebra if and only if its orthogonal part h ⊂ so(n) is a weak-Berger algebra.
In [21, 22, 23, 24] T. Leistner proved the following theorem.
Theorem [21, 22, 23, 24] A subalgebra h ⊂ so(n) is a weak-Berger algebra if and only if h is a Berger algebra.
Recall that from the classification of Riemannian holonomy algebras it follows that a subalgebra
a Berger algebra if and only if h is the holonomy algebra of a Riemannian manifold.
Thus we see that g ⊂ so(1, n + 1) Rp is a weakly-irreducible Berger algebra if and only if g is conjugated to one of the subalgebras g
the holonomy algebra of a Riemannian manifold.
Now we must answer the question: is any weakly-irreducible Berger subalgebra of so(1, n + 1) Rp can be realized as the holonomy algebra of a Lorentzian manifold?
For the algebras of type 1 and 2 the positive answer was given by L. Berard Bergery and A.
Ikemakhen in [4] , who constructed the following metrics.
Let h ⊂ so(n) be the holonomy algebra of a Riemannian manifold. Let x 0 , x 1 , ..., x n , x n+1 be the standard coordinates on R n+2 , h be a metric on R n with the holonomy algebra h, and
) be a function with 
. If ∂f ∂x 0 = 0, then the holonomy algebra of the metric g is g
2,h
.
In the next section we will construct metrics that realize all weakly-irreducible Berger algebras.
We will use the space P(h) and the fact that h = L(P(h)). The idea of the constructions is given by the following example of A. Ikemakhen ([18] ).
Let x 0 , x 1 , ..., x 5 , x 6 be the standard coordinates on R 7 . Consider the following metric
where
The holonomy algebra of this metric at the point 0 is g 2,ρ(so(3)) ⊂ so(1, 6), where ρ : so(3) → so(5) is the representation given by the highest irreducible component of the representation (5) is spanned by the matrices 
We have R(e 3 , q) = A 1 , R(e 4 , q) = A 2 , R(e 5 , q) = A 3 , and R(e 1 , q) = R(e 2 , q) = 0, where
Main results
In this section we will prove the following theorem. , g
where h ⊂ so(n) is the holonomy algebra of a Riemannian manifold.
Recall that the Lie algebra g 3,h,ϕ exists only for h ⊂ so(n) with z(h) = {0} and the Lie algebra
To prove this theorem we must construct metrics that for any Riemannian holonomy algebra h ⊂ so(n) realize the Lie algebras g
, g 3,h,ϕ and g 4,h,m,ψ (if g 3,h,ϕ and g 4,h,m,ψ exist) as holonomy algebras.
Let h ⊂ so(n) be the holonomy algebra of a Riemannian manifold. The theorem of Borel and Lichnerowicz ( [8] ) states that we have an orthogonal decomposition
and the corresponding decomposition into the direct sum of ideals
such that h annulates R n s+1 , h i (R n j ) = 0 for i = j, and h i ⊂ so(n i ) is an irreducible subalgebra for 1 ≤ i ≤ s. Moreover, the Lie algebras h i are the holonomy algebras of Riemannian manifolds.
Note that we have ( [21, 14] )
We will assume that the basis e 1 , ..., e n of R n is concordant with the above decomposition of R n .
Let n 0 = n 1 + · · · + n s = n − n s+1 . We see that h ⊂ so(n 0 ) and h does not annulate any proper subspace of R n 0 . Note that in the case of the Lie algebra g 4,h,m,ψ we have 0 < n 0 ≤ m.
We will always assume that the indices b, c, d, f run from 0 to n+ 1, the indices i, j, k, l run from 1 to n, the indicesî,ĵ,k,l run from 1 to n 0 , the indicesî,ĵ,k,l run from n 0 + 1 to n, and the indices α, β, γ run from 1 to N. In case of the Lie algebra g 4,h,m,ψ we will also assume that the indicesĩ,j,k,l run from n 0 +1 to m and the indicesĩ,j,k,l run from m+1 to n. We will use the Einstein rule for sums, i.e. let C 1 , C 2 , ... and D 1 , D 2 , ... be some numbers or functions, then, for
and
be linearly independet elements of P(h) such that
We have P α | R n s+1 = 0 and P α can be considered as linear maps P α : R n 0 → h ⊂ so(n 0 ). For each P α define the numbers Pk αĵî such that P α (eˆi)eĵ = Pk αĵî ek. Since P α ∈ P(h), we have
Define the following numbers
We have
From (4) and (5) it follows that
Let x 0 , ..., x n+1 be the standard coordinates on R n+2 . Consider the following metric
and f is a function that will depend on the type of the holonomy algebra that we wish to obtain.
For the Lie algebra g 3,h,ϕ (if it exists) define the numbers
For the Lie algebra g 4,h,m,ψ (if it exists) define the numbers ψ αîĩ such that
ψ αîĩ e˜i.
Suppose that f (0) = 0, then g 0 = η and we can identify the tangent space to R n+2 at 0 with the vector space R 1,n+1 . Let hol 0 be the holonomy algebra of the metric g at the point 0 ∈ R n+2 .
Below we will prove that hol 0 depends on f as in table 1. Table 1 Dependence of the holonomy algebra hol 0 on the function f f hol 0
Now we compare our method of constructions with the example of A. Ikemakhen. Let us construct the metric for g 2,ρ(so(3)) ⊂ so(1, 6) by our method. Take P ∈ P(ρ(so(3))) defined as P (e 1 ) = P (e 2 ) = 0, P (e 3 ) = A 1 , P (e 4 ) = A 2 and P (e 5 ) = A 3 . By our constructions, we have
We still have R(e 3 , q) = A 1 , R(e 4 , q) = A 2 , R(e 5 , q) = A 3 , and R(e 1 , q) = R(e 2 , q) = 0.
The reason why we obtain another metric is the following. The idea of our constructions is to find the constants ak αĵî such that
These conditions give us the system of equations
One of the solutions of this system is given by (6) , but this system can have other solutions.
Thus in the example we use the solution given by (6) , taking another solution of the above system, we can obtain the metric constructed by A. Ikemakhen.
Proof of theorem 1. We must prove that the table 1 is true.
Since the coefficients of the metric g are polynomial functions, the Levi-Civita connection given by g is analytic and the Lie algebra hol 0 is generated by the operators
.. are vector fields in a neighborhood of the point 0.
The non-zero Christoffel symbols for the metric g given by (10) are the following We will prove the theorem for the case of algebras of type 4. For other types the proof is analogous.
We must prove that hol 0 = g 4,h,m,ψ . We have the following non-zero Christoffel symbols
In particular, note the following
For r ≥ 0 let R b c,d,f ;f 1 ;...;fr be the functions such that ∇ r R(
One can compute the following components of the curvature tensor
Using (23) and (24), we get
and we have two other equalities analogous to the second one.
From (25), (26), (29) and (32) it follows that
and we have two other equalities analogous to the second one. Now we will prove the inclusion g 4,h,m,ψ ⊂ hol 0 .
From (32) it follows that R(e˜i, q) = (0, 0, e˜i), hence,
Lemma 1 Proof. We will prove this lemma by induction over r. For r = 1 the lemma follows from (27) and (29). Fix r 0 > 1 and assume that the lemma is true for all r < r 0 . We must prove that the lemma is true for r = r 0 . We have From lemma (1) it follows that for any 1 ≤ r ≤ N we have
By analogy we can prove that from (27) it follows that Rk iîn+1;n + 1; · · · ; n + 1 r−1 times
Form (12), (38), (39) and (40) it follows that R(eˆi, e n+1 ; e n+1 ; · · · ; e n+1 r−1 times
where X rî ∈ span{e 1 , ..., e m }. From (41) we get
Using ( 
Recall that we have decompositions (1), (2) and (3). Since h is spanned by the images of the elements P α , for any 2 ≤ i ≤ s there exist α,î,ĵ,k such that n 1 + · · · + n i−1 + 1 ≤k ≤ n i and Pk αĵî = 0. Combining this with (43), we get
Since h i ⊂ so(n i ) is an irreducible subalgebra, h i ⊂ pr so(n) hol 0 , and for any
we see that
From (32) it follows that
From (41), (44), (45) and the fact that h is spanned by P α (eˆi) it follows that
The following lemma will prove the inverse inclusion. ψ tĩ e˜i.
Proof. We will prove the statements of the lemma by induction over r. For r = 0 the statements follow from (27)-(33). Fix r > 0 and assume that the lemma is true for r. We must prove that the lemma is true for r + 1. 
From (17) and (25) 
Ak tĵ The theorem is proved. 2
Remark. Note that in our constructions for the orthogonal part h ⊂ so(n) we used only the property L(P(h)) = h and we did not use the fact that h is the holonomy algebra of a Riemannian manifold. For any irreducible subalgebra h ⊂ so(n) such that L(P(h)) = h we can construct a metric g that realize the Lie algebra g
2,h
. If we prove in some way that L(R(h)) = h, then will have a simple proof of the result of T. Leistner.
